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We examine certain questions related to the application of vector-valued Lia-
punov functions to the solving of the stabilization problem for interconnected
systems, We find the set of controls satisfying a damping criterion for the tran-
sient responses, We show that the proposed construction of the vector-valued
Liapunov function enables us to solve the problem posed under milder constraints
imposed on the controls than the constraints which can be obtained by Bailey's
construction [1]. We determine the properties of the control set obtained, From
the set found we select the controls ensuring the stabilization of interconnected
systems under inclomplete information of the characteristics of the executive
devices, We show the optimality of the controls selected with respect to the
vector-valued functionals,

1, Statement of the problem, We consider a collection of / smooth dy-
namic systems whose perturbed motion in the region

| | << 7o t >0 (| z: | ® = (x;, i), r; =const, r;>0) (1,1)

is described by the differential equations

1
zi = Fi(@ )+ Gz, yus + 2 Hyj(ay, - 2n Dy, i=1L...,1 (1.2)
=t
Here z; is the vector of the variables with respect to which the ith system is stabilized,
z;= R™, F, and G, is a vector-valued function and a matrix, defined and continu-
ous in (1, 1) together with their partial derivatives in z; and ¢, u; is the contrel vector,
u; = R™, H,; is a matrix characterizing the influence of the jth system on the be-
havior of the ithsystem (H;; = 0), ¢ is time, In analogy with [2, 3] we state the
problem of stabilizing interconnected systems in the following way,

The problem, Given the positive numbers h;;, t;*, d; and g;(h;; = 0, ¢; <
diy i =1, ..., D), the collection of interconnected systems (1, 2), the set & of
continuous controls ]

up = ug (g, 1), ie=1, .0
From (2 select a subset of controls, on which the specified collection of systems is
asymptotically stable and the transient responses satisfy the condition

lz: (V< ew t>6% =4, 1 1.3)
under any initial perturbations
F{ x; (0) ﬁgdg, i=1,...,1 (1.4)
and any matrices H;; satisfying the estimates
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VHij (2, oo a8 2| <], ij=1,...,1

Conditions (1, 3), (1. 4), which we call the damping criterion of the transient respon-
ses, have features in common with the problems of optimizing vector-valued functions
[4—6] and with the problems considered in [3, 7, 8], Therefore, the solution being pro-
posed for the problem posed is based on Liapunov functions satisfying estimates typical
of quadratic forms [9] and essentially related to the notion of a vector-valued Liapunov
function [10~141,

2, Solution of the problem, Let §,, ..., B, be positive constants,
Vi (xy, 8. ... V; {25, t) be Liapunov functions satisfying the estimates

g2 PV (@, 1) < gge? |z P (e 05 =const >0, i =1,. .., o (2.1
10V 30z P < ci3®V (25, 8) (g =const >0, i=1,...,] (2.2)

in region (1,1), A, (z;, t), . . ., A; (z;, £} be arbitrary smooth scalar functions,
Py (x4, t)y. . .5 Py (2}, ) be arbitrary skew-symmetric matrices, ¥1* (£),. . ., y,;* (8)
be a particiﬂar solution of the equations

y{:~%y¢+2 Cishij ¥ yFO0)=cud, i=1....01 (2.3

Theorem, The setof controls

up = — ‘G’ +PG{ e i=1,...,1 (2.4)
satisfies the transient response damping criterion if
aV v, A, g0V, L, ]
T — BV, (xut)"_(— Fi)‘{"rzl’(“é';i’GiGi 5;01‘)7 i=1,...,1 (2.9)
the trivial solution of Egs, (2, 3) is asymptotically stable (y;* (/) —(Q as ¢t — oco)and

YO <Ceps, 4% i=1..,,1 (2. 6)

To prove the theorem we consider the derivatives of the functions Vil 6ol o
V, (z;, t), defined on the motions of systems (1, 2), corresponding to the controls (2,4),
When the inequalities indicated are satisfied

Vo (z H<<AV; (xi, )

AVy)=—BV; +Z‘, ’3J” (ViViyh, =11

=1
Consequently, for all ¢ > 0
Vilzi(t), H<<&(D), i=1,...,1 2.7
if V, (z;(0), 0) = &; (0) and §; (¢) is a particular solution of the equations
éi = A(gz)’ i==4,...,1 (2. 8)

In the case being considered ; (¢) == 0, if &; (0) 5= 0'; therefore, the change of vari-
ables &; =y reduces system (2, 8) to the form (2, 3), "The trivial solution of the equa-
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tions obtained is asymptotically stable by virtue of the theorem’s hypotheses, Conse-
quently, the trivial solution of Egs, (1,2), (2,4) also is asymptotically stable,
Further, under any initial perturbations (1, 4)

(Vi (z; (8, Oy y* (D), 1>0,i-=1,..., 1
and since here || z; | < (V; (@, £)7 / ¢y, forall £ > 0 we have

“xl (t) “ y‘L* (t)/czh i=1,...,1

and by virtue of condition (2,6) of the theorem inequalities (1, 3) are fulfilled on all
motions of systems (1. 2), (2. 4) stating in region (1,4), The theorem is proved,

Let us now show that the construction of the vector-valued Liapunov function used to
prove the theorem leads to solving the problem posed under constraints on the conmols
milder than the constraints obtained by the vector-valued Liapunov function proposed
by Bailey [1]. To do this we consider inequalities (2,1), (2. 2) and (2, 5), When they are
satisfied

V (xw t) \ B@V (:Cl, t) + 013( *819 t))% Z hm] Iixy ” == 17 el
Hence in accord with [1] =1
1 {

Vi‘ (xi’ t) < V (xu t) + 6132 2 h’é.?a 2 “ X3 ”2 \<\A* (V,-(.z‘;. t)\

jeml je=l, oAt
!
1
A (V) = — 2LV, +2B cis Z MA D Vi =t
=1 =1, At
Thus,forall £ >0
Vilz; (0, <z (), i=1,....1 (2.9)

if Vi(z; (0), 0) = z; (0) and 7" = A* (z;), i = 1,. .., [ Butin the case being
considered 1

AVIS =5Vt o ?
Consequently, for all £ > 0

13 i

DI AR
El(t) Zi (t)a t=1,...,1
which proves the assertion made (see estimates (2, 7) and (2, 9)).

We note that when s;;= 0, i, j = 1, ..., [, according to the theorem, the set
of controls (2, 4) satisfy the transient response damping criterion if

d,
B >x n2l oy

C. i1 S
The application of the estimates (2 9), however, yields in this case
ol
12 1 .
BZ t* TE, &:1,..,,2
174

8, Determination of the properties of the controls obtained,
The control set (2, 4) is defined to within the arbitrary functions A, (24, 8, . . ., A (2,

t) and matices Py (3, #), . .., P (xy, ). It is natural that when solving actual
stabilization problems the arbitrariness in the choice of the functions and matrices named
can be used in the most different ways, However, here we need to keep in mind that when
the A; (z;, ) < 0, the tansient responses in systems (1,2) undoubtedly satisfy the spe-
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cified performance criterion with u; == 0 if they satisfy this performance criterion by
virtue of the hypotheses of the theorem proved,
Taking the following inequalities as satisfied

Ai (2, )>0 (3.1)
we consider the controls
. 7\@ 7 81/1
U; == — *—Z-—G.L (—)7—‘2— (3. 2)

and we assume that
av; , Y,
= = BVi(ms ) — ( ) Lk . (83: GG, -3;-:), P, (3.3)

Controls (3, 2) are, obviously, a special case of conmols (2, 4), Here, if (2,4) is the con-
trol set ensuring the fulfillment of the inequalities

(L, Pt Go) + < — Vi@ B it

in region (1, 1), then (3, 2) are controls guaranteeing the fulfillment of the inequalities
indicated with the smallest value of the quantity z,, = |uy [* -+ . . . + [ % [* ateach
point {x;, ..., &, t} of this region, By analogy with [3, 8] controls (3,2) are called
constraint-optimal controls,

Congstraint-optimal controls possess important property: they are the solution of the
stabilization problem for the systems

H (3.4)
x; = Fy(x;, )+ G (x, Doy (s, t) + 2 Hij(xy, ... 2 D Pe=d, .,
b
for any continuous vector-valued functions @y {Uy, By - o @ (4, 1), satisfying the
inequalities
! (usy @i (uiy 8)) 2> (way W)y 10, i=1,.. 1 (3. 5)
In fact, when inequalities (3, 5) are satisfied
Vs 7\4 , V5 ()V
\;;—lq Fi + GifP*i,( G; N t)) = — BV, (x, ) 4

[
and the validity of the assertion made follows immediately from the theorem proved,
Krasovskii and Letov have established the connection between Liapunov functions and
optimal control problems, Of additional interest here is the fact that constraint-optimal
controls are controls optimal also with respect to the vector-valued functional

o !
; av; .
Lifus, .- ou) =\ [BVi @ 00— 3 (5 Mm) — (3.6)
0 j=1 L
{
Ay g0V 0V N PR avy e s 2~’ .
G a6 T + ,M,Z,.J.iﬁ”“%TG’ e LAt
e P11
In fact, in accordance with [15] the controls
P Ay PAY a ’ ;‘ , 88 . .
uk:—%‘G& é—}—};, U = — JGJ fir ‘Gj é}r,;#k,;:wii.“.l 3.7
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impart the minimum of the Ath functional in (3, 6) if the trivial solution of Eqs, (1,2),
(3,7) is asymptotically stable and the function § = S (z1, . . . , &, ?)satisfies a par-
tial differential equation, This equation can be satisfied by setting § = V, (z,, 1).
Then P KL =1 ! 3.8
u~————--‘2‘i—;ﬁ, i=—1,..., (3.8)

2

and since the trivial solution of Eqg, (1,2), (3, 8) is asymptotically stable by virtue of the
construction of controls (3, 2), the validity of the assertion made follows directly from
[15].

The construction of constraint-optimal controls is related to the solving of the partial
differential equations (3, 3), However, controls (3, 2) are also a solution of the problem
posed when the Liapunov functions satisfy inequalities (2, 5), When the inequalities indi-
cated and inequalities (3,1) are fulfilled, controls (3, 2) are called quasioptimal controls,
The properties of quasioptimal controls are analogous to the properties of constraint-opti-
mal controls, Thus, on all motions of system (1,2), starting in region (1, 4), they impart
the minimum of the functionals

0
! l
DY GNP R ) P P R P O P

i=1 j==1, ji

i=1,...,1

When inequalities (3, 5) are fulfilled, quasioptimal controls are a solution of the problem
posed for systems (3,4),

4, Example, Let the perturbed motion of interconnected systems be described by
the differential equations !

zy = Ay + By (w, 1)+ D) Hyj(en o o 1)
i=1
1 ,
rank [B;, A,B,, ..., AV B)e=n, i=1,...,1

where A4; and B; are constant matrices satisfying the condition indicated, In this case,
having set A; = const > 0, the theorem’s hypotheses can be satisfied by the functions

Vi=(2y, Ty - oo Vi= (&, Tyz) 4,1)
The solving of the problem posed now reduces to seeking matrices I'y, . .., T, satisfying
the equations ,
0 = —p;F; — I'j4; — A;'T; + 20T BB, T (4.2)
or the inequalities
0< —BiTy — Tl — ATy + 2,y BiB'Ty, i=1,.. .1

to determining the smallest and largest eigenvalues of the matrices found, and to verifying
the fulfillment of condition (2, 6),
When the condition indicated is fulfilled, the controls

u; — —}"iBi!Fixi’ l == 1, . s ey l

generated by (4, 1) satisfy the wansient response damping criterion under any variations
of the vector-valued functions ¢; (uy, #), . . ., ¢ (u;, t), admissible by inequalities(3,5).
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Let us now consider certain peculiarities of the solution of Eqs, (4, 2) when 4;, B;are
(n X n)- and (n X 1)-mamices

610 ... 0 ()i'

as
<o
-
<
<

<O
o O
<o O
=
O

In the case being considered, when n =2 Egs, (4, 2) can be satisfied by the matrices
. ﬁﬁf 82

= , o=t >0, A >0)
oy B2 2B,

where Ay, ..., A; are arbitrary constants satisfying the inequalities indicated, For n = 3
the matrices I'; are determined by the expressions
1 B85 284 B3
T, = - [28,4 582 3B2|, i=1,...,1

A,
1A B3 332 33

Hence, by induction, for any »

® nan-1  ,° p2n-2 2 n+l ° qn

Yo 125 SRR et Tini
° ngn—2 ° p2n—-3 ° a1 2 pn~1

{ T}.QB’i T%Bi o v 72‘ n-17>1 n{QnFi
U, =5 ..

1 2}»1 ..... S I i . ; . . (4_. 3)
° 7+1 n 3 2
Tl,n—1Bi 72. ﬂmlBi A Tn—L n-1, nBi Tn-1, nBi
o n Q T o 2 a
Tindi 'rani <o Ty, vnBi Ynn»ﬁi

where, and this is essential, v;;° are positive constants not dependent on f;,i =1,. ., /.

We now assume that by applying various methods, the solution of Eqgs, (4,2) can be
obtained on a computer, Then, solving one of Egs, (4,2) with 8; = 1, A; == { and next
substituting the found values of v;;° into (4, 3), we obtain the matrices I', . . ., I'} cor-
responding to any values of constants §,, ..., B

The example considered shows quite intuitively the possibility of combining analytic
and computer methods for constructing interconnected systems having a specified perfor-
mance, Besides, in the case being considered the matrices I'; can be found purely ana-
lytically for any n.
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Plane -parallel and axisymmetric flows of a chemically active mixture in which
only a single reaction takes place are considered on the assumption that the equi-
librium and the frozen speeds of sound in the medium are nearly equal, The
asymptotic system of equations which in the nonlinear theory of small perturba-
tions is valid in the range of transonic speeds is used, An exact particular solu-
tion of these equations is derived, which makes it possible to trace the process

of shock wave onset and development, If the particle velocity is higher than the
equilibrium but lower than the frozen speeds of sound, the shock waves are totally
dispersed, as in the case of one-dimensional flows, Waves containing discontinu-
fties with incomplete dispersion are generated, if the stream velocity exceeds

the frozen speed of sound,



